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Abstract. We show the existence of a Hawking vector field in a full neighborhood of a 
local, regular, bifurcate, non-expanding horizon embedded in a smooth Einstein-Maxwell 
space-time without assuming the underlying space-time is analytic. It extends one result 
of Friedrich, Racz and Wald, see [5] , which was limited to the interior of the black hole 
region. Moreover, we also show, in the presence of an additional Killing vector field 
T which tangent to the horizon and not vanishing on the bifurcate sphere, then space- 
time must be locally axially symmetric without the analyticity assumption. This axial 
symmetry plays a fundamental role in the classification theory of stationary black holes. 



1. Introduction 

Let (M, g, F) be a smooth and time oriented Einstein-Maxwell space-time of dimension 
3-1-1 with electromagnetic field F. Let S be an smoothly embedded space-like 2-sphere in 
M and N+, N~ be the corresponding null boundaries of the causal future and the causal 
past of S. We also assume that both N"*" and N~ are regular, achronal, null hypersurfaces 
in a neighborhood of S. The triplet (S,N+,N^) is called a local, regular bifurcate 
horizon in 0. The main result of the paper asserts if (S,N"'",N~) is non-expanding (see 
Definition 12. ip . then it must be a Killing bifurcate horizon. More precisely, we have the 
following theorem: 

Theorem 1.1. Given a local, regular, bifurcate, non-expanding horizon (S,N"'",N~) in 
a smooth and time oriented Einstein- Maxwell space-time {0,g,F), there exists an neigh- 
borhood 0' C of S and a non-trivial Killing vector field K in & , which is tangent to 
the null generators oflSi~^ and N~. Moreover, the Lie derivative CkF = 0. 

The vector field K is called the Hawking vector field in the literature. Its existence is 
already known under the assumption that the space-time is real analytic. In the work 
of [3], the authors showed, by solving wave equations, the existence of Hawking vector 
field K without the analyticity assumption, but K could only be constructed inside the 
domain of dependence of N"^ U N~ due to the fact that the corresponding wave equations 
are ill-posed outside this region. So the new ingredient of our theorem is to extend the 
Hawking vector field to a full neighborhood of the bifurcate sphere S, without making 
any additional regularity assumptions on the underlying space-time (WL,g). We use the 
idea of S. Alexakis, A. lonescu and S. Klainerman, who proved a similar theorem for 
Einstein vacuum space-time, see [2] for details. 



2 



PIN YU 



We also prove the following theorem: 

Theorem 1.2. Given a local, regular, bifurcate horizon (S,N+,N^) in a smooth and 
time oriented Einstein-Maxwell space-time {0,g,F). If there is a Killing vector field T 
tangent to U and non-vanishing on S. Then there is a neighborhood 0' G of 
S, such that we can find a rotational Killing vector Z in 0' , i.e. Z has closed orbits. 
Moreover, [Z, T] = 0. If in addition CtF = 0, then CzF = 0. 

Although, we don't make the non-expanding assumption on the horizon, it's a well 
known fact that the non-expansion is a consequence of the fact that the Killing vector 
field T is tangent to N"*" U N^. So the first theorem will produce a Hawking vector field 
in a full neighborhood of S. The rotational vector field can be written as a linear 
combination of T and K, i.e. we show that the existence a constant A such that 

Z = T + XK 

is a rotation with period to- So the part CzF = in the theorem follows immediately. 
In the proof, we will focus on other parts of the theorem. The period to is determined 
on the bifurcate sphere S, while to determine A, we need the information on S and the 
information of one particular null geodesic on N"*" U N~, see the proof for more details. 

Once more, under the restrictive additional assumption of analyticity of the space-time 
(M,(yf), this second theorem is also known for Einstein vacuum space-times. It's usually 
called Hawking's rigidity theorem, see [4J, which asserts that under some global causality, 
asymptotic flatness and connectivity assumptions, a stationary, non-degenerate analytic 
space-time must be axially symmetric. In the smooth category, one can find a proof in 
[2] based on the idea that, under a suitable conformal rescaling of null generators on 
the bifurcate sphere, the level sets of the affine parameters of the null generators on the 
horizon should represent the integrable surface ruled out by the closed rotational orbits. 
We will give a more geometric construction. 

These two theorems play an important role in the classification theory of stationary 
black holes, since they reduce the classifications to the cases which are covered by the 
well-known uniqueness theorems for electrovac black holes in general relativity, see [7], [1]. 

We now describe the main ideas of the proofs. The first step is to construct the Hawking 
vector field K. Since K is a Killing vector field, it must satisfy the following covariant 
linear wave equations: 

= -RjKp (1.1) 

where Ra/s is the Ricci curvature tensor for the Lorentzian metric g. We hope to recon- 
struct K by solving this wave equation. This is precisely the strategy used in The 
equation can be solved in the domain of dependence if initial data is prescribed on the 
characteristic hypersurfaces, see [8] for a proof. The choice of initial data can be redis- 
covered by the following heuristic argument: because K is Killing, its restriction on a 
geodesic should be a Jacobi field, so it's reasonable to guess the initial data on N"*" should 
be the non-trivial parallel Jacobi field uL where L is one null geodesic generator on 
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and u is the corresponding affine parameter, i.e. L{u) = 1; another way to guess the 
initial data is to check the exphcit formula for the exact Kerr-Newman solutions. While 
the Cauchy problem for (11. ip is ill-posed on complement of the domain of dependence, 
solving (11. II) can not construct the Hawking vector field in bad region. We have to rely on 
the new techniques used in |2j . A careful calculation shows K also solves an ordinary dif- 
ferential equation which is well-posed in the ill-posed region for (II. ip . So one can extend 
K into the bad region by solving this ordinary equation. That's how we construct K in 
a full neighborhood of S. Notice that although K is constructed, it's not automatically a 
Killing vector field. One turns to prove the one parameter group (pt generated by K acts 
isometrically. We need to show that, for each small t, the pull-back metric (p^g must coin- 
cide with g, in view of the fact that they are both solutions of Einstein-Maxwell equations 
and coincide on U . Now the uniqueness for metric type problems come into play. 
The results of lonescu-Klainerman [5j, [6j, Alexakis [T] and Alexakis-Ionescu-Klainerman 
^ provide hints to the answer. 

The paper is organized as follows. In section 2, we construct a canonical null frame 
associated to the bifurcate horizon (S,N"^,N~) and derive a set of partial differential 
equations for various geometric quantities, as consequences of non-expasion condition and 
the Einstein-Maxwell equations; in section 3, we give a self-contained proof of Theorem 
11.11 in the domain of dependence of N+ U N^, which is the Proposition B.l in [5]; in 
section 4, based on the Carleman estimates proved in [5] and [6] , we extend the Hawking 
vector field to a full neighborhood of S which completes the proof of Theorem 11.11 : the 
last section is devoted to a geometric proof of Theorem 11.21 

Acknowledgements: The author would like to thank Professor Sergiu Klainerman 
for suggesting the problem; and Willie Wai-Yeung Wong for valuable discussions. 

2. Preliminaries 

In this paper, the indices a, (3, 7, 6, p are from 1 to 4, a, b, c are from 1 to 2; the curvature 
convention is Ra/s^s = giDaD^e^ — D/^DaC^^es), where DaD/^X = Da{DpX) — Dfj^ep^] 
repeat indices are always understood as Einstein summation convention; since during 
the proof of our main theorems, we will keep shrinking the open neighborhood of S 
mentioned in the introduction, we keep denoting such neighborhoods by for simplicity. 

One can choose a smooth future-directed null pair (L, L) along S with normalization 

g{L,L)=g{L,L) = 0, g{L, L) = -1 

such that L is tangent to N"*" and L is tangent to N~. In a small neighborhood of S, we 
extend L along the null geodesic generators of N"*" via parallel transport; we also extend 
L along the null geodesic generators of N~ via parallel transport. So D^L = and 
DlLl = 0. We now define two optical functions u and u near S. The function u (resp. 
u) is defined along N+ (resp. N~) by setting initial value u = 0(resp. m = 0) on S and 
solving L{u) = 1 (resp. L{u) = 1). Let (resp. S^) be the level surfaces of w(resp. 
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u) along (resp.N^). We define L (resp. L) on each point of the hypersurface N+ 
(resp. N~) to be unique, future directed null vector orthogonal to the surface (resp. 
S„) passing though that point and such that g{L, L) = —1. The null hypersurface 
(resp. A^^) is defined to be the congruence of null geodesies initiating on S„ C N"*" (resp. 
S„ C N~)in the direction of L (resp. L). We require the null hypersurfaces N~ (resp. 
N^) are the level sets of the function u (resp. u), by this condition, u and u are extended 
into a neighborhood of S from the null hypersurface N+ U N~. The we can extend both 
L and L into a neighborhood of S as gradients of the optical functions 

Since u and u are null optical functions, we know 

g{L,L)^g{L, L) = 

while g{L, L) — —1 only holds on the null surface U N~. Moreover, we have 

L{u) = 1 on N+, L{u) = 1 on N". 

We define Suu — H N~. Using the null pair (L, L) one can choose a null frame 
{ei.e2, 63 = L,e4 — L} such that 

g{ea,eb) ^ 5ab, 5(ea, 63) = 5(ea, 64) = 0, a, 6 =1,2. 

At each point p e Suu C 0, 61,62 form an orthonormal frame along the 2-surface Suu- 
We will modify the frame by Fermi transport later. Recall the null second fundamental 
forms X, X torsion C arc defined on N"*" U via the given null pair (L, L): 

Xab = g{De^L,eb), x^^ = g{De,L,eb), (a = g{DeaL, L). 

The traces of x is defined by trx — x"a, similarly for trx 

Definition 2.1. We say that N"*" is n on- expanding if trx = on N"*"; similarly 'N~ is non- 
expanding if trx = on N~. The bifurcate horizon (S,N+,N~) is called non-expanding 
if both N+, N~ are non- expanding. 

The non-expansion condition has a very strong restriction on the geometry of the 
Einstein-Maxwell space-time. We recall the Einstein-Maxwell equations: 

{Ral3 — \Rga(i = Tap 
D[aFf)^] = 

where Tap — Fa^Fp^ — ^gapF'^^ F^y is the energy-momentum tensor for the corresponding 
electromagnetic field. Since the dimension of the underlying manifold is 4, the field theory 
is conformal, i.e. trT = 0. So by tracing the first equation in the system, we know the 
scalar curvature R = 0. We can rewrite the system as 

Rap = Fa^Fpn — \gapF^^ F^i, 
D[aFp^] =0 (2.1) 
D-Fap =0 
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We recall that the positive energy condition is valid for Einstein-Maxwell energy-momentum 
tensor, i.e. 

T(X, Y)>0 

where {X, Y) are an arbitrary pair of future-directed causal vectors. Let x be the traceless 
part of X, so on N+, according to Raychaudhuri equation: 

L{trx) = -Rll - Ixl' - litrxf 
So non-expansion condition on the black hole boundary implies 

Rll + \x\^ = 

One can take advantage of the positive energy condition to conclude 

Rll = 0, x = on N+. 
So X = on N"*". According to untraced formulation of Raychaudhuri equation: 

L{x) + x' + Ri-,L)L = 

we know for all X G TN"*", 

R{X,L)L = 

In view of the first equation in (12. ip . R^l = implies F^a = 0, and this last vanish- 
ing quantities imply R^a = 0, combined with R{X,L)L = 0, we know R^aba = 0. To 
summarize, the non-expansion condition implies, on the null hypersurface N"*" 

X =0 

Ria = 

< R4aba =0 (2.2) 
i?344a = 

Similar identities hold on by replacing the index 4 by 3. It's precisely this set of 
geometric information that we use in the proof of our main theorems. Recall also our 
choice of the frame 61,62 is arbitrary on N"*". Since we know x = 0? we can make 
this choice more rigid by using Fermi transport along L, i.e. we first pick up an local 
orthonormal basis on S, the use the Lie transport relation Ci^Ca = to get a basis on 
Su (which needs not to be orthonormal), the vanishing of x N"*" guarantees {61,62} 
is still an orthonormal basis. We summarize the computation formulas in the null frame 
{ei.62, 63 =1,64 = L} on N+: 

DlL = 0, D,^L = -CaL, 

DLL = ~Caea D^aL = x^^eb + CaL (2.3) 

where Ve^6fe is the projection of Df^^Cb onto the surface S^. A similar set of identities hold 
on N". 
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Lemma 2.2. On N+, we have 

R{-, L, L, -) = -DC-VlX + C®C 

i.e. for all X,Y E TSu, 

i?(X,L, L,Y) = -{DO{X,Y) - {VlX){X,Y) + C{X)C{Y). 
where V denotes the restriction of D on S„; similar result holds on N~. 
Proof. For X, F G TS^, we have 
R{X, L, L, y) = g{DxDL L, Y) - giD^Dx L, Y) - g{Dn,L L Y) + giD^.x L Y) 
= giDxCK Y) - g{DL{x{X) + C(^) L), Y) 
+ aX)g{DLL, Y) + g{Dy^x-ax)L L Y) 
= -iDOiX,Y)-giDLixiX)),Y)+giD^^xLY)-aX)g{DLL,Y) 
= -{DC){X,Y) - {Vlx){X,Y) + C{X)C{Y). 

□ 

3. Hawking vector field inside black hole 
We define the following four regions I^^, I , and 

I++ = {pe 0\u{p) > and u{p) > 0}, I"" = {p e 0\u{p) < and u{p) < 0}, 
I+- = {pe 0\u{p) > and u{p) < 0}, r+ = {p G 0\u{p) < and u{p) > 0}. ^^'^"^ 
In this section, we will prove the following proposition 

Proposition 3.1. Under the assumptions of Theorem \l.l\ in a small neighborhood of 
S, there exists a smooth Killing vector field K in H (I^^ U I ) such that 

K = uL-uL on (N+UN")n0. 

Moreover, CkF = and [L,K] = — L. 

The region 0n(I++Ul ) is the domain of dependence of N+UN^. As we mentioned in 
the introduction, by using the Newman- Penrose formalism, the first part of the proposition 
is shown by H. Friedrich, I. Racz and R. Wald, see [3]. For the sake of completeness, 
we provide a direct proof without Newman- Penrose formalism. As mentioned in the 
introduction, we consider the following characteristic initial value problem 



K =uL-uL on(N+UN-)n0 ^^''^^ 

According to ^8j, it's well-posed in fl (I++ U I ). So a smooth vector field K is now 
constructed in the domain of dependence of N"*" U N^. To show K is indeed a Killing 
vector field, one has to show the deformation tensor of K 

T^aP = ^Kg = DaK/j + DpK^ 
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is zero in n (I++ U I""). 

Since K solves fl3.2p . by commuting derivatives, we know the deformation tensor tt^p 
solves the following covariant wave equation: 

The geometric part of Einstein-Maxwell equations (12. ip provides 

= FofCxFpp + Fp^'CxFap — TTpsFa^FfS^ 

- \'f^a^F,,F^^^ - ]^g^^F^''CKF,, + ]^gc.^Tip8F\F^ 

This formula requires one to consider the partial differential equations satisfied by CxFais, 
which follows directly from the electromagnetic part of the Einstein-Maxwell equations 
(EH): 

DlaCxFp^] = 

Put all the equations together, we know 71^13 and CkF^p solve the characteristic initial 
value problem for the following closed symmetric hyperbolic system: 

-2{F^pCkFpp + F^pCkF^p - -KpsF^PF^') 
+\T^apFp,F^''' + g^pFP'^CKFp, - g^p-Kp^F^FP^ (3.3) 

D^a-CxFiS^] = 

So to show TTa/s = and CrF = in 0, it suffices to show 

71^^ = CkF = on N+UN^. (3.4) 

We only check (13.41) on N''"; on N~, the argument is exactly the same. In view of the 
expression of K = uL on (since m = on it) and (12.30 . it's easy to see 

DaKk = DiKa = DaK^ = D^K^ = 0, D^K3 = -1 
D.DaKb = D^DaKb = DbD^Ka = D^D^Ka = DaDbKi = (3.5) 
D^DaKi = DaD^Ki = D^D^K^ = D4D4K3 = DaD^Ks = 0. 

So one knows each component of Tr^^, which does not have the bad direction L, is zero, 
i.e. 

^ab = T^ia = 7r44 = OU N+ (3.6) 

To prove the remaining components of tt vanish, we need to make a serious use of (13.21) 
to get derivatives in L direction. The equation (13. 2p gives 

2 

D^D^Kp + D^D^Kp = DaDaKp + Rp^Kp 

a=l 
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Combine this with curvature identity D^D^Kp — D^^D^Kp = —Rs4,i3''Kp, then we have 

2 

2D^D^Kp = J2 DaDaKp + R^pK" + RuppRP (3.7) 

a=l 

Claim 3.2. VFe have D3K4 = 1, DaDsIU = D^D^K^ = 0. 

Proof. We set /5 = 4 in (13.71) . it's easy to check the left hand side of (13. 7p is 

2DiDsK4 = 2L{D:iKi) 

while the right hand side is by (12.21) . So L{D^K^ = on N"^. It implies the value of 
on N"*" is determined by its value on S which is 1. The other identities are also 
easy to check, this completes the proof of the claim. □ 

Apparently, Claim [3^ implies 7134 = 0. 
Claim 3.3. We have DaKs = uCa, D^Ka = —uCa- 

Proof. The first identity in the claim is easy to verify by direct computations; we now 
prove the second one. We first prove that 

L{Q = 0. (3.8) 

We use ([22]): 

L(Ca) = Lig{DaL, L)) = giD^L, Dl L) + g{DLD,L, L) (3.9) 

= g{DLDaL, L) = RLaLL = (3.10) 

We now set P = b in (13.71) . it implies DiD^Kb = 0, then by using the fact that = 1, 

we can show 

Combined with (13.81) . it shows D^Ka = —uQa- D 

Apparently, Claim implies Tt^a = 0. 
Claim 3.4. We have vrgg = 21)3X3 = 0. 

Proof. Before proving the claim, one needs more support from the Einstein-Maxwell equa- 
tions (12.11) . Since F^a = oO, we have 

L(i?44) = L{Fl) = 2F^aUF4a) = 

which implies 

LiR^aai) = (3.11) 

Recall one of the second Bianchi identities: 

F>iRiaaA + F>^RaAaA + DaRi2,ai = (3-12) 

A simple computation with the help (12.21) and (13. lip shows the last two terms in (13.121) 
are zeroes. So we have 

Li^R^aaA) = DiRsaaA = 0. (3.13) 
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We compute L{trx) along N+: 

L{trx) = L{g{DaL, e^)) = giDiDaL, Ca) + g{DaL, DLta) 

= RLaLa + giDaDLL, e,) + |C|' 
= ^4a3a + |C^-^?PaC^eJ 

In view of f l3.13p and (13.81) . we have 

LL{trx) = -L{g{DaCKea)) = -g{DLDaCKea) 

= -g{DaDL{Cbeb),ea) 
= -Cb9iDaiCbL),ea) 

This shows 

LL{trx) = 0. (3.14) 
Now we are ready to prove the claim. We set /3 = 3 in (13. 7p . so 

2D,D,K, = D^D^Ks + R^pK^ + R^spK'^ 

= DaDaK-i + uRu + M-R3434 
= DaDaK^i + uR2,aai 



By Lemma [2.21 we have 

= -{D,X){ea) - L{trx) + \C\' 

= -rfz< + C(Ve„e,)-L(trx) + |CP 

We also can compute 

D^D^K, = u{divC - C(Ve<,eJ - KH + trx 
The previous computations showed 

2D^D^K; = trx - uL{trx) 

So in view of 13.141 

L{D^D^K^) = -uLL{trx) = (3.15) 

Since on S, on check easily that = 0, so D4D3K2, = on N+, which once again 

implies = by solving transport equations along L. □ 

So we proved TCa/s = on N+. One still needs to show CxFa/s = 0. 

Claim 3.5. We have the following identities: 

DaFLb = DlFu, = DLFab = DlFll = (3.16) 
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Proof. We will use (12. 2p repeatedly: 

DaFLb = iDaF)iL0eb) 

= ea{FLb) - F{DaL ® eb) - F{L ® DaCb) 
= 0. 

Same argument shows DlFh^ = 0. We use Bianchi identity: 

DLFab = -DaF.L " Ai^La = 0. 

We now use the last equality in Einstein-Maxwell equations (12.10 : 

D'^F^L = ^ DaFaL ~ DlFll = 

so DlFlL = DaFaL = 0. □ 

Claim 3.6. On , we have 

CkF = (3.17) 

Proof. Recall that 

CkF^P = DkF^p + gP'D^KsFpp + g^'D^KsF^p. 
We show each component of CkF vanishes on N+: 

CKFab = Dj^Fab + gP'DaKsFp, + gp'D.KsFap 

= uDLFab = 0. 

CKFaL = DkF^l + g^'DaKsFpL + g^'DLKsFap 

= uDLFaL = 0. 

CkFll = DkFll + g^'DLKsFpL + g'^DLKsFLp 
= DkFll - DlKlFll - DlKlFll 
= uDlFll - ttllFll = 

We need some preparations to show the most difficult term CkF La vanishes. From the 
electromagnetic part of the Einstein-Maxwell equations (12.11) . we have 

D^FLb - D^FLb + D,Fll = 

-{DLFLb + DLFLb) + DaFab = 

So one derives 

2DLFLb = DaFab - D.Fll (3.18) 
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Apply L on (13.181) . we have 

2L{DLFLb) = L{DaFab) - L{D,Fll) 

= {DlDaFab + F)aF(^£)j^a)b + F)aFa(DLb)) 

- {DlD.Fll + DbF^n,L)L + D.F^d^l)) 

= DLDaFab - DlD.FlL 

= {DaDlFab — Rlaa^Fpf, — Rlab'^ Fap) 

- {Di,DlFll — RLbL''FpL — RhalfFLp) 
= DaDLFab - D.DlFlL 

= [CaiDLFab) - DLF^Dae,)b - DiFaiD^e,)] 

- [ebiDLFLL) - DlF(^d,l)l - DlF^d^l)] 
= 0. 

So we have 

L{DLFLb) = (3.19) 
Now we are ready to show CkFu, = 0. 

LKFLb = DKFLb + g^'DLKpFsb + g'^'D^KpFu 

= uDlFu, + DLKaFab - DlKlFu, - D.KlFll 
= uDLFib - uCaFab " ^^Lfe " U^bF LL 

In particular, this shows CxFib = on S. Notice that L^Fli,) = L{Fab) = L{Fll) = 0, 
now apply L on CkFu,, so we have 

L{CKFLb) = L{uDLFLb) - LiuCaFab) - L{FLb) - LiuCbFLL) 

= DlFli, — CaFab — [F>LFLb + F(^DLL)b + FL(^Dj^h)] — C,bF LL 

= 

Now solving this ordinary differential equation on N"*" completes the proof. □ 

Remark 3.7. It follows from the previous computation that Dairp-y = on N"*". That's the 
nature of hyperbolic equations with initial on a characteristic surface. In fact, DaTi'a/s = 
and DiTTap = trivially comes from the fact that TTa/s = on N"*"; to see D^na/B = 0, we 
need to investigate the first equation in l{3.3\) . utilizing tTq,/? = and CrF = 0, it gives 

Combined the curvature identity 

it gives L{D^nai3)=0. So D^iiap = follows from the fact that it vanishes on S. 
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The last statement of Proposition 13.11 [L,K] = — L in the domain of dependence, 
follows from the fact that 

DlW =-DwL where W=[L,K]+L, , . 

W =0 on N+n0 ^"^-^^^ 

We first prove this ordinary differential equation holds. Since K is Killing vector field, we 
know that for arbitrary vector fields X and Y, we have 

CKiDxY) = Dx{CkY) + Dc.xY. 

Therefore, 

DlW = Dl{-CkL+ L) = -Dl{CkL) = -{^k{DlL) - Dc,,lL) 
= DcklL = —D[l^k]+lL = —DwL 
It remains to show = on N+. 

W = DlK - DkL + L 
= DlK -uDlL+ L 

Since we have already computed the components D^K^, it's almost trivial to check W = 
on N+. This completes the proof of Proposition 13.11 

4. Hawking vector field outside the black hole 

In the previous section we have constructed the Hawking vector field K inside the black 
hole region. To be able to extend it outside the black hole, because the characteristic initial 
value problem is ill-posed in this region, as we explained in the introduction, we need to 
rely on a completely different strategy. The idea is, instead of solving a hyperbolic system, 
we now can solve -f^] = —L for K. This ordinary differential equation is well-posed 
in the complement of the domain of dependence. That's how K is constructed. Let (pt 
be the one parameter diffeomorphisms generated by K. When t is small, we show that 
{g, F) and {(p^g, 4'IF) they both verify Einstein-Maxwell equations and they coincide on 
N"*" U N~. We show that the must be coincide in a full neighborhood of S. In particular, 
it shows K is Killing. So it's the Hawking vector field. In the vacuum case, this is due to 
Alexakis, lonescu and Klainerman, see [2]. 

To realize this strategy, we first define a vector field K' by setting K' = uL on fl 
and solving the ordinary differential equation [ L, K'] = — L. The vector field K' is well- 
defined and smooth in a small neighborhood of S (since L 7^ on S") and coincides with 
K in I++ U I in 0. Thus K := K' defines the desired extension. This proves the 
following: 

Lemma 4.1. There exists a smooth extension of the vector field K to a full neighborhood 
of S such that 

[L,K] = -L in&. (4.1) 
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Let gt = 4>lg and Lf- = {(p-t)*L. In view of the definition (14.11) of K, we know 

dt -* 

It implies that 

4 = e-*L. (4.2) 

Let be the Levi-Civita connection of gt, by the tensorial nature, we know that 
D\^Lt = DlL = 0, infers that = D^^^L^ = e'^^D^^L. This proves the following 

Lemma 4.2. Assume K is a smooth vector field constructed in (14. ip and D* the covariant 
derivative induced by the metric 4>lg. Then, 

D^j^L = in a full neighborhood of S. (4-3) 

To summarize, let Ft = (ptF, we have a family of metrics and 2 forms {gt,Ft) which 
verify the Einstein-Maxwell equations (12. ip in the domain of dependence of N"*" U N~ and 
such that D^^L = 0. So the Theorem 11.11 is an immediate consequence of the following 
uniqueness statement: 

Proposition 4.3. Assume in a full neighborhood ofS, g' is a smooth Lorentzian metric 
and F' is a smooth 2 form, such that {g',F') solves Einstein- Maxwell equations (12. ip . // 

g' = g m(I++Ul"")n0 and D'j^L = in0, 

where D' denotes the Levi-Civita connection of the metric g' . Then g' = g and F' = F in 
a full neighborhood 0' C of S. 

The similar proposition for Einstein vacuum space-times was first proved in [1]. A 
simplified version can be found in [2j. In [5], the authors proved uniqueness results for 
covariant semi-linear wave equations of a fixed metric. But for the uniqueness at the level 
of metrics, since the corresponding partial differential equations are quasi-linear, one has 
to couple the system with a system of ordinary differential equations to recover the semi- 
linearity. In this section, we use this idea to prove uniqueness for the full curvature tensor 
and the electromagnetic field. Since the metric is uniquely determined by the curvature, 
that will prove Proposition 14. 3[ 

Proof. We first derive a system of covariant wave equations for the full curvature tensor 
Rap-yS of the metric g and F^^. Recall the second Bianchi identities and once contracted 
Bianchi identities: 

F>aRp-fp6 + F)pR^ap5 + Ft^R^ppS = (4.4) 

D^Rasp-y = D-yRps — D/sR^s (4.5) 
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We apply on (14.41) and commute derivatives, we have 

D'^DaR/BypS = — [D", Dp]R^iap5 — [-D", D^]Rai3pS — Dj3D°'R^apS — D^D'^RajSpS 

pa p/i I pa P A* I pa P M _l_ f?°' f? M 

-ft [3^p,J^ apS ~r -ft /Safj,-^^ p<5 ~r -ft [ipfi-'^^a 5 ~r -ft pSp.-'^'yap 

4- PA* -L P" P A* _|_ pa P M _|_ pa p M 

~r -ft •yQ.p-ft -p -ft 'y/3/i-f^a p(5 ~r -f^ 7p^-f^a/3 5 ~r -ft 'ySfi-Tiaf^p 

+ DpDsRp-y + D^DpRsjs — D[^DpRs.y — D^DsRpp 

To simplify the formulae, without losing information, we will * notation. The expression 
A * i? is a linear combination of tensors, each formed by starting with B, using the 
metric to take any number of contractions. So the algorithm to get A * .B is independent 
of the choices of tensors A and B of respective types. 

Schematically, we write it as 

OgRa/S'jS = {R* R)af3-f5 + D^DgRa/S (4.6) 

We need to compute the Hessian of Ricci tensor. By the gravitational part of (12.11) . we 
have the following schematically expression: 

DjDsRa/3 = FppD^DsFa^ + Fa^D^DsFpp + DsFa^D^Fpp + D^Fc/DsF^p 
- ^g^^iF^'^D^DsFp, + D^Fp^DsF^ 
= {F*D^F)^p^s + {DF*DF) 
Plug this in (14. 6p . we have 

DgR^fs^s = {R * R)a/3^6 + {F * D^F)^f,^s + {DF * DF)^p^s (4.7) 

Apparently, this equation involves two derivatives of F. In principle, the electro- 
magnetic part of the Einstein-Maxwell equations (12. ip controls only one derivative of 
F through the second order system: 

D^'DaFp^ = —D^'D/sF^a — F>"'D^Fap 

= Dp]F,^ - D^]F^p - DpD'^F,^ - D^D'^F^p 

pa rpp I pa rp p, 

-f*- /37^-f^ a ~r -ft pap-'^'f 

Schematically, it's expressed as 

DgF^p = {R * F)^p (4.8) 

Since for the Einstein-Maxwell equations, the electromagnetic part of is almost decoupled 
from the gravitational part, we can actually control second derivative of F by a cost of 
one derivative on the curvature tensor Rap-^s- Let's apply Dp on the second equation of 
(12. ip and commute derivatives: 

d{DsF)a/3 = DaDsFfj^ + DpDsF^a + D^DsFais 

= [D„ Ds]Fp^ + [Dp, Ds]F^a + [D^, Ds]F^p + Dp(D[«F^^]) 

RaS/BpF^ ^ RaS'ypFp^ RpS^/pF^ R^gapF^^ R'ySapF^ R^SPpFgy^ 
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where d stands for the exterior derivative on 2 forms. Schematically, it gives 
Similarly, we have 

Apply covariant derivative on these last two equations, it implies 

Dg{DF)^f3 = {R*DF)^p + {DR*F)o,p (4.9) 

We summarize (14. 7p . (14. 8 P and (14.90 in following system of equations 

= {R * R)af3^s + (F * D^F)^p^s + {DF * DF) 
DgF^f, ={R*F)^fs (4.10) 
Dg{DF)^^ ={R*DF)afs + {DR*F)^f, 

We have a similar covariant system of equations for i?^^^^ and F^^. 

We'll prove Proposition 14.31 in a neighborhood 0{p) of a point p G S where introduce 
a fixed coordinate system Xk for k = 1,2,3,4 such that it is fixed for both metrics g and 
g'. In the proof we shall keep shrinking the neighborhoods of p; to simplify notations we 
keep denoting such neighborhoods by 0{p). 

We now fix null frame {61,62,63 = ^, 64 = L} on the null hypersurface N+ fl 0{p). 
Since g and g' agree to infinity order on N"*", this null frame is the same for both metrics. 
Recall also that the vector field L is also the same for both metrics. We use two different 
Levi-Civita connections to parallel transport the given null frame along L: 

D = ^ with 1^0 = 60- on N+ fl 0(p) (A^^\ 
D'X = with < = 6„ on N+ n 0(p) ^ ' 

The frames {va} and {v'^} are smoothly defined in @{p). We will express all the 
geometric quantities in these frames. Let gap = g{va, vp), g'^^ = g'{v'^, v^). Since Di/Ua = 
D'l^'o, = 0, we know Ligap) = L{g'^p) = 0, so g^p = g'^p- It follows that 

hap = 9ap = 9af3 ^(M = m0{p). (4.12) 
Now define the Christoffel symbols, curvature tensors and their differences. 



7 _ ■r'7 _ rp7 

3(3 ~ ^ 3/3 ~ 3/3 

^v.c f^v ^^^^ ^ 

UK13) = U9{Dv„vp,v^)) = g{Dy^D^^Vf3,v^) + g{D^^vp, D^^v^) 

= ^3a/37 + 9{Di^^^^^^Vf3, V^) + g{D,^Vp, D^^v^) 
= R3al3'Y + ^3a^'pf3 ~ ^a3^],l3 + gpS^tp^S-y 



Clearly, we have Fg^ = T'^^ = STl^ = 0. The fact that DiVa = allow us to drive a 
system of ordinary differential equations for F^^ and F'''' 
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Schematically, we have 

L{Tl^) = R,^p, + {T*T)l^ (4.13) 

^(C,) = + (r' * nZ, (4.14) 

We take the difference of f l4.13p and (14.141) . so we have 

L{5Tlp) = 5R,^p, + (r' * r' - r * r)^^ 

= 5R,^p, + (r' * 5T)lp + (r * 5T)l^ 

Schematically, we have the following expression: 

L{5T) = Moo {5T) + Moo (SR) ■ (4. 15) 

Remark 4.4. In general, given B = {Bi, ...,Bl) : 0(p) —>■ we let Moo(-S) : 0(p) —>■ 
M.^' denote vector-valued functions of the form Moo{B)ii = Ylf=i^u-^i' where the coeffi- 
cients A\i are smooth on &{p). So (I4.15P holds because g,g' are fixed smooth metrics. 

Now we also need to express the frames {va} and {v'^} in terms of the fixed coordinate 
vector fields dk relative to our local coordinates Xk- We define 

Consider [v3,Va] = -D^^vs = -T^^v^ = -Vl^v^dk, it implies 



I.e. 



Now a similar relation holds for f'^, we take the difference, noticing that dj{v'^) are 
fixed functions (since t's = = V), so 

L{5v) = Moo (5r) + Moo {5v). (4. 16) 

We can also apply coordinate derivatives dk on (I4.15P and (I4.16p . so we have 

L{d5T) = Moo(5r) + Moo(a5r) + Moo(5i?) + M^idSR). (4.17) 

L{d6v) = Moo (<^r) + Moo {d6T) + {6v) + {d5v) . (4. 18) 

Finally, we derive a set covariant of wave equations for 6R and 6F, 6DF which are 
similarly defined for the difference of the corresponding quantities. In view of (I4.10p . the 
most difficult terms come from the following differences 

{ng-ng,)R, {ng-ng,)F and {ng-ng,)DF 

For the first one, since gai3 = g'ap, it's easy to see it has the following form 

(□, - Ug,)R = Moo(5r) + Moo(95r). 

Similar relations hold for the other terms. Together with (14.150 . (I4.16p . (I4.17P and (14.180 . 
we have the following system of ordinary-partial differential equations: 
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UST) 
L{dST) 

U5v) 
L{d5v) 

DgSR 



Moo(5r) + M^idST) + M^{6R) + M^{d6R) 
M^iST) + M^{6v) 

M^idT) + M^idST) + M^{5v) + M^{d5v) 
Moo {5R) + Moo {5F) + Moo {5DF) + Moo {d5DF) (4. 19) 

+Moo(5r) + Moo(a(5r) 

Moo(5i?) + Moo(5F) + Moo(5r) + Moo (9(51) 
M^{5R) + M^{5DF) + M^{d6R) + M^{6F) 

Since in U I , g = g' and F = F', so we know that, on the bifurcate horizon 
U N~, 5, r, d5T, 6v, d6v, 6R, 6F and 6DF vanish. We need one more ingredient 
to conclude that the previous system of equations has only zero as its solution. It's the 
following uniqueness theorem, based on the Carleman estimates developed in [5], due to 
Alexakis [1], see also Lemma 4.4 of [2]. 



OgSF 

DgSDF 



Proposition 4.5. Assume Gi,Hj : 0{p) 
1,...,J. LetG={G,,...,Gj), H = {H,,... 
and assume that in 0{p), 



M are smooth functions, i = j = 

Hj), dG = {d,Gud2Gud^G^,d,G,,...,d,Gi) 



□gG = M^G) + M^{dG) + M^{H)- 
L{H) = Moo{G) + Moo{dG) + Moo{H). 

Assume that G = and H = on (N+ U N^) fl 0(p). Then, there exists a neighborhood 
&{p) C 0(p) ofxo such that G = andH = m U r+) n &{p). 



Apparently, this proposition finishes the proof of Proposition 14. 3[ which implies that 
the vector field K is Killing in a full neighborhood of S. □ 

Remark 4.6. The vector field K is time-like outside the black hole, i.e. g{K,K) < in 
1+^ U I^^, which follows directly from the fact that L{g{K, K)) > 0. 

5. Rotational Killing vector field 



The purpose of this section is to prove Theorem 11.21 In addition to the Hawking vector 
field K we just constructed, we assume {0,g, F) has another Killing vector field T such 
that it's tangent to N"^ U N~, non- vanishing on S and CkF = 0. We need to find a 
constant A, such that Z = T + XK is a rotational Killing vector fields, i.e. all the orbits 
are closed. 

One needs to study the action of T on the bifurcate sphere S. Since T is a smooth 
vector field tangent the bifurcate horizon U N~, it must be tangent to S. We can 
conclude that the existence of such a non- vanishing Killing vector field T on S forces the 
restriction of the metric on S to be rotational symmetric thanks to Lemma lA.ll in the 
appendix. In our case X = r|s on S with induced metric from g. It has a period to- It 
has two zeroes and we choose one of them, denoting it by G S. To get a space-time 
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rotational vector field, we need to study T on the black hold boundary N"*" UN^. On N"*", 
we define A(r) = which is essentially the K direction of T. We prove the following 

lemma 

Claim 5.1. On N"^, L{T) is constant along each null geodesic, i.e. L{X(T)) — 0. 

Proof. We first show that [T, L] is parallel to L, i.e. there is a function / : — M, such 
that 

[T,L]=fL. 

Since both vectors are tangent to N+, so is [T, L]. It suffices to show g{[T, L], €„) = 0. 

g{[T, L], e„) = giDrL, e„) - giD^T, e„) giDrL, e„) + giD^T, L) 

= g{DTL, e„) - g{T, D,L) = xiT, e„) - x(e„, T) = 
We then show that L{f) — 0. Since D^L — and T is Killing, we have 

= Ct{DlL) = Dc^lL + Dl{CtL) 
^DfLL + DL{fL) = L{f)L 
It imphes that / is determined on S. We can assume / : S — > R. 

f = fL{u) = [T,L]{u)^-L{T{u)) 

So 

Tin) = -fu. 

Now we compute L{X{T)) by recalling that L is the gradient of u under the metric 5': 

□ 

Now we can find the rotational vector field Z: 

Claim 5.2. Let X = f{p), then Z = T — XK is a rotational vector field with period tg. 

Proof. Since K = on S, Z\s = T\s has the same period to- We denote ipt the one 
parameter isometry group generated by Z on space-time. We are going to prove that 
■j/^t,, = id which concludes the proof of the claim. 

We study the action of i/jf on the null geodesic 7 starting at p and pointing at the L 
direction. For each t, since p is a fixed point of ipt and i/^t is an isometry, we know that 
iptil) C 7 is an reparametrizition of 7 with a possible stretch. In particular, it implies 
Z|-y is proportional to K\^. In view of the definition of A, we know that ZI7 = since 
we have subtracted the corresponding portion of K from T. So if^tl-y — id. In particular, 
-0*0 17 = id. 

Now we look at the action of ipto on the full tangent space of p. The previous argument 
shows {iptg)^L — L. Since it fixes the whole space slice S, then {ipto)*^a — ^a- Now 
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using the fact that ipto is an isometry, we know L is also fixed. So (ipto)* is the identity 
map on the tangent space of p, now we can use Lemma IA.2I in the appendix to conclude 
that Ipto is identity in a small neighborhood of p. Now on can use the compactness of S 
and the standard open-closed argument on S to conclude ipto is identity map in a small 
neighborhood of S. □ 

We need one more claim to finish the proof of Theorem II. 2t 

Claim 5.3. Z is the vector field we constructed, then [Z,K] = 0. 

Proof. It suffices to show [T, K] = 0. Since both K and T are Killing, in view of the fact 
that all the Killing vector fields on a manifold form a Lie algebra under [—,—], we know 
that W = [T, K] is Killing, so it solves the following equation: 

DgW^ = -WjW0 (5.1) 

Once again, due to the well-posedness of the characteristic initial-value problem, W = 
in the domain of dependence follows from the fact that 

W = on N+UN". 

It is immediate from the calculations in the proof of Claim I5.lt 

W = [T, K] = [T, uL] = u[T, L] + T{u)L 
= ufL - ufL = 

For ill-posed region 1+^ U once again the vanishing of W follows easily from setting 
H = in Proposition 14. 5[ □ 

Appendix A. Two lemmas on geometry 

Lemma A.l. Assume h is a Riemannian metric on the topological sphere which 
admits a non-trivial Killing vector field X , then (S^, h) is a Riemannian wrapped product 
([0,1], c/r^) X0(r) (S"'^,dcr^). In particular, each orbit of X is closed and has a common 
period to . 

Proof. First, we observe that, if X is non-trivial, then the set Z{X), which consists all 
zeroes of X, is discrete. It follows from the fact that, the zero locus of a Killing vector 
field is a disjoint union of totally geodesic sub-manifolds each of even dimension. Since 
we are on a surface, the zeroes must be discrete. In particular, since the is compact, 
X has only finite many zeroes. 

The second observations is that, for each zero p of X, indx{p) the index of X at p is 
either 1 or —1. It following from the fact that, X induces an isometry on TpS^, which is 
a 2-dimensional rotation. So its index must be 1 or —1. 

Now we can apply the Poincare-Hopf index Theorem: 

J2 ^ndx(p) = X(S2) = 2. 

p£Z(X) 
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The previous observation imply tliat the cardinal number |Z(X)| > 2. We can pick up 
two points p,q & Z{X). Now let us fix a minimal geodesic ^{t) between p and q. Let (j)t 
be the flow generated by X. Since on TpM, {(^t)* is a rotation, it has a period to- Let 
X p, q he a point on 7. We show that the orbit of x under (f)t is a closed non-degenerate 
circle, more precisely, it is exactly the image {4)t{x)\t e [0,to)}- It trivially holds when x 
is close to either p or q, i.e. in the normal coordinate of p or q, since it will stay on the 
geodesic sphere which is a circle around either p or q. Since 7 is minimal and X{q) = 0, 
so (ptil) is also a minimal geodesic between p and q. When t varies, (ptil) sweeps the 
whole S^, we know that all points except q is in the normal coordinate of p, so the orbit 
X is closed. Apparently, this flnishes the proof of the lemma. □ 

Lemma A. 2. Assume (M, g) is a Lorentzian manifold, (p : M ^ M is an isometry and 
p & M is one fixed point of (p. If (p^p = id, the (j) = id locally around p. 

Proof. In Riemannian geometry, it's easy since we have the concept of length; in our case, 
the difficulty comes from the fact that on the light-cone, we don't have the concept of 
length. But the proposition holds inside light-cone since we can consider the maximal 
time-like geodesies. Since locally light-cone is the boundary of the future of the point p, 
the identity map can be continued to the boundary. □ 
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